Modelling and simulation of manufacturing processes may
INTRODUCTION
Modelling and simulation of manufacturing processes such as machining is quite demanding. There are two issues; modelling of the material behavior and contact properties and the simulation of the localization behavior (Vaz, Jr., et al., 2007) . The latter requires special procedures in order to obtain mesh-independent solutions, as standard approaches always concentrate the damage to the smallest element in the softening region. This size effect in the cutting process as described in (Nakayama and Tamura, 1968 ) is frequently encountered in simulation (Svoboda et al., 2010; Wu et al., 2011) . Physical causes of this nonlocal numerical instability can be seen, for example, in the homogenization of microstructural heterogeneity at small scale (Bažant and Jirásek, 2002) . In engineering alloys, this heterogeneity is caused by microstructures with a governing characteristic length.
The focus of this study is on efficient and reliable finite element solutions of the size-dependent localization problem. Two different approaches for achieving mesh-independent solutions are compared in the paper. They are the multiresolution continuum theory (MRCT) and nonlocal damage model. The considered methodologies in Qin et al. (2015) and Abiri and Lindgren (2014) incorporate length scales in their formulations. The MRCT theory is a very general multilength-scale finite element formulation, while the nonlocal damage model is a specialized method using a weighted averaging of softening the internal variable over a spatial neighborhood of the material point. The prediction and efficiency of the two models in the implicit finite element method are shown and assessed through a plain strain tensile test case (Baaser and Tvergaard, 2003) . The paper concludes with a discussion of the benefits of each method, as well as implementation issues with respect to commercial software. Figure 1 is a slight modification of the Forest classification of generalized continua in Forest (2013) . They all, except the classical continuum mechanics approach, lead directly or indirectly to the introduction of a characteristic length scale. This length scale parameter is introduced in localization problems to eliminate their notorious mesh dependency (Bažant and Pijaudier-Cabot, 1988; Jirásek and Rolshoven, 2003) . Material models can be generalized to be able to capture the scale-dependent phenomena of localization problem by assuming that a material point can be deformable, as is the case with micromorphic continua and gradient theories. The local continuum can also be generalized to nonlocal mode by considering the constitutive equations as integral equations over a spatial neighborhood.
BACKGROUND
The micromorphic continuum was first introduced by the Cosserat brothers (Cosserat and Cosserat, 1909) . Mindlin included second and third gradients of the displacement field in the context of elasticity (Mindlin, 1964) . Additional degrees of freedom of the material points are used in the higher-order materials developed by Eringen (2012) . A detailed derivation of the virtual power equation used for the micromorphic continuum is given in (Germain, 1973) . Strain gradient plasticity theory was then proposed and improved by several authors to account for the size effect in the plastic regime (Aifantis, 1987; Fleck et al., 1997; Fleck and Hutchinson, 2001) .
A generalized continuum framework based on the mathematical concept of fiber bundles was used by (Sansour and Skatulla, 2012) . The so-called computational continua (C 2 ) approach was introduced and enhanced by Fish et al. (2015) and Fish and Kuznetsov (2010) , where no extra degrees of freedom are needed nor higher-order boundary conditions. The multiresolution continuum theory is a higher-order continuum theory Tian et al., 2010) where additional kinematic variables supplementing the conventional macroscopic displacement field are added to account for the microscopic deformation across multiple scales. The MRCT is a multiscale finite element formulation that includes several other higher-order approaches as subset (Vernerey et al., 2007) .
The nonlocal models account for possible interactions between a given point and surrounding material points (Baant and Lin, 1988) . The size of this interaction domain is the characteristic length (Jirásek, 2007) . A nonlocal variable replaces the local softening variable in the classical damage model, leading to a nonlocal damage model. The nonlocal variable is obtained by weighted averaging of the softening variable over a spatial neighborhood of the material point, thus abandoning the local action principle (Jirásek, 2007) . The integral weighted averaging equation can be expanded in Taylor series to give the so-called explicit or implicit gradient methods (Peerlings et al., 1998) . The mathematically equivalent implicit gradient method is implemented by adding the nonlocal variable as an additional degree of freedom in the finite element method Geers et al., 2003; Mediavilla et al., 2006) . It is also worthwhile to mention here that in case of the strain hardening problem there is no reason to introduce a length scale to regularize the problem (Liu et al., 2014) . Its primary purpose in the models compared in the current paper is to control localization behavior.
FIG. 1:
Generalized continua theories.
NONLOCAL MODEL IN DUCTILE FRACTURE

Coupling Plasticity and Damage
Plasticity is combined with damage in order to describe ductile fracture. Continuum mechanics can be used, provided an appropriate definition of average stress and strain for a representative volume element is used. The use of a continuum mechanics approach can be based on the hypothesis of strain equivalence (Simo and Ju, 1987) . This leads to a definition of effective stress as a transformation of the Cauchy stress as
Isotropic continuum damage is assumed when using Eq. (1). Physically, the damage parameter ω can be interpreted as the ratio of damaged surface area or volume over the total surface area or volume at a local material point. Usually the material is assumed to have failed when ω reaches a critical damage ω c .
Local Damage Model for Ductile Failure
The strain equivalence formulation is combined with the assumption that damage affects elasticity, plasticity, or viscoplasticity in the same way. This simplifies the modelling, as all deformation of a damaged material is represented in the constitutive law of the virgin material by replacing the stress by an effective stress. Notice that this effective stress should not be confused with the von Mises' effective stress σ e introduced later. In this formulation the free (or state) variable of the thermodynamic process is the strain tensor ε with the current damage represented by the internal variable κ. The scalar damage variable is then a function of this internal variable as
In ductile fracture, the damage state variable can be defined in the equivalent manner of the accumulated plastic strain ε p e (Lemaitre and Desmorat, 2005) . It is assumed that this variable can be used to characterize the progressive damage for a general 3D stress state. A simple form of this local model is
Nonlocal Continuum
Nonlocal continuum formulations introduce a length scale by assuming that the state variables of the material constitutive equation depends not only on its local values, at say x, but also on the values of one or several of the state variables in a domain around x. This size of this domain allows a length scale parameter that is independent of the mesh size of the solution. This neighborhood effect can be accounted for by defining an integral of nonlocal state variable v nl as introduced in (Bažant and Lin, 1988) as
In Eq. (4), v l represents the local state variable in the continuous mechanics model. Φ is a weighting function andΩ is the material volume around the point x in which Φ is not equal to zero. This integration volume usually extends over several finite elements.
Nonlocal Damage Model
The nonlocal integral Eq. (4) is applied to the damage variable Eq. (3), leading tõ
Damage through the scalar damage variableω is coupled to plasticity through the effective Cauchy stress tensorσ calculated as
where σ is the Cauchy stress tensor, C e is the elastic material fourth-order tensor, d is the elastic spatial velocity gradient, and the right superscript ∇ denotes any objective stress rate. Coupling of the damage variable to plasticity is through the yield function
The plastic flow rule is given byε
With the hardening variable taken as the accumulated plastic strain and its rate given bẏ
Equation (9) is consistent with the loading-unloading condition by havinġ
Numerical Implementation
This section summarizes the implementation of the nonlocal damage model in (Abiri and Lindgren, 2014 
where w j is the weight of the numerical integration rule for the integration point and J i is the Jacobian of the isoparametric mapping at this point. The model θ = 0 in Eq. (11) corresponds to the explicit nonlocal update. The weight factor W i is introduced in order to normalize the total weight over the domain. It is computed as
An example of the function α is the Gaussian distribution function
where α is the distance between integration points i and j. The interacting radius parameter l c above gives the length scale of the material deformation. Notice that α ii = 1. The consistent tangent matrix C t for use in the NewtonRaphson equilibrium iteration scheme is calculated from slight perturbation of σ ∇ in Eq. (6) at the current time step to give δσ
For the explicit nonlocal update, the nonlocal tangent stiffness matrix is given as
Equation (15) is a nonlocal modification of the elastoplastic tangent stiffness matrix C ep (Bonet and Wood, 2008) .
MULTIRESOLUTION CONTINUUM THEORY
The MRCT Formulation
The starting point of the MRCT theory is the principle of virtual power. The internal virtual power is decomposed into a homogeneous and inhomogeneous part (McVeigh et al., 2006; Vernerey et al., 2009) . We assume that during the deformation the rotation of the microdomain relative to macrodomain is ignored. The formulation leads, after some manipulations (Lindgren et al., 2011) , to
where d 0 is the macroscopic rate of deformation, and d i is the microscopic strain rate measures. g i d is the symmetric part of gradient of microvelocity gradient g i . β i is the microstress and m i is the microstress couple. Equation (16) assumes a linear approximation of the variation of the velocity field l i around a material point x in each microdomain i as shown in Fig. 2 for a microdomain. That is,
Using the principle of virtual power, integration by parts, and a divergence theorem, we have the equilibrium equation of the multiresolution continuum as
with boundary conditions (
where n is the outward pointing unit normal.
FIG. 2:
A material point x with one microdomain Ω 1 . Ω 0 is the macroscale. 
Constitutive Equations
We consider only one additional scale (N = 1) in Eqs. (18) and (19). The generalized objective stress rate and the generalized rate of deformation in the elastic regime are related by the multiresolution elasticity tensor as 
In Eq. (20), C σ is the same as the macroscopic elasticity tensor C e . C 1 β and C 1 m are microscopic elasticity tensors calculated as
where I is the identity matrix and C a is taken as C a = (1/10)C σ (Vernerey et al., 2008) . One of the key features of the MRCT is that the length scale parameter l 1 has been directly incorporated as seen in Eq. (21), which is absent in the conventional continuum mechanics method. In our current work, the subscale is considered to be pure elastic. A J 2 -plasticity, hypoelastic plastic formulation with a damage model is used to model the material at the macroscopic scale. Different damage criterions can be applied. The simple model in Eq. (3) has been used for comparison with the nonlocal damage model.
The Implicit MRCT 3D Element
There are nine degrees of freedom per node for the 3D MRCT element, three macroscopic velocities v 0 , and six rates of deformation d 1 i at the subscale. The element interpolation of the nodal values is
N 0 and N 1 indicate that we may use different functions to interpolate the nodal velocities than the microscopic quantities. Likewise, we may use a different number of integration points during numerical integration. The model implementation and its algorithmic moduli for the macroscopic and microscopic scale are based on N 1 = N 0 as described in (Qin et al., 2015) . Thus the macroscopic velocity v 0 and microscopic rate of deformation d 1 are treated as independent nodal degrees of freedom as described in Fish and Kuznetsov (2010) and by Shu et al. (1999) . Therefore only C 0 continuous interpolation is needed to ensure convergence of the finite element procedure.
NONLOCAL DAMAGE AND MRCT APPLICATION
Plane Strain Tensile Test
In this section, we compare the accuracy and robustness of the nonlocal damage model and MRCT theory shortly described in Sections 3 and 4. They are compared with respect to the prediction of the formation and evolution of the shear band of a tensile specimen containing an initial imperfection triggering localization. This test case is typically used to investigate shear band localization in the context of ductile failure (Baaser and Tvergaard, 2003; Drabek and Böhm, 2006; Enakoutsa et al., 2012) . The nonlocal damage model and the MRCT will be referred to as NLD and MRCT, respectively. Figure 3 shows the 2D plain strain model used. Due to symmetry conditions of shape and deformation, one-fourth of the specimen is analyzed as shown. Its length is 10 mm and its height is 12 mm. We recall that numerical simulation with NLD is carried out in an implicit FEM code developed using Matlab (Lindgren, 2007) . Discretization of the 2D elements is by four-node isoparametric plane strain elements as formulated and implemented for elastoplastic materials in Bonet and Wood (2008) . A simplified variant of NLD, called an explicit nonlocal update, that only requires
FIG. 3:
Geometry of the mesh used showing 120 four-node elements. A quarter of the specimen is modelled. Symmetry conditions are applied to the left (x = 0) and bottom (y = 0). The loading is a prescribed motion of the right side. The center of the specimen, x = 0, is initially 2% thinner than the ends, x = 10 mm.
an integration point data at the beginning of an increment is used, q = 0 in Eq. (11). The effect of this simplification was evaluated in Abiri and Lindgren (2014) . This method is particularly simple to implement in commercial software. The MRCT element, MRCT, is implemented in the computer program FEAP, which was developed by R. L. Taylor and co-workers (Zienkiewicz and Taylor, 2005) . It is a 3D eight-node element withB strain interpolations. Plane strain conditions are enforced by appropriate restraints on the nodal displacements. The MRCT element has additional nodal degrees of freedom. The elastoplastic material properties are taken from (Simo, 1992) . The flow stress of the material for the two methods is defined as
where σ y0 = 450 MPa, σ sat = 715 MPa, H lin = 129.24 MPa, and δ = 16.93. A simple linear damage law is considered for Eq. (3) in these investigations. Damage is a function of effective plastic strain given by
where ε f is the effective plastic strain at damage initiation and ε r denotes the value at fracture. ω max is an upper limit applied in order to completely avoid loss of stiffness at that point. The damage parameters taken for Eq. (24) are ε f = 0.05, ε r = 0.3, and ω max = 0.9. Figures 4 and 5 show the predictions of the two methods. The figures show that both methods are capable of obtaining convergent solutions when refining the mesh for this shear localization problem. Convergence plots for the nonlinear Newton-Raphson iterations of these implicit methods are shown in Fig. 6 . The error norms at the end of simulation for the two methods are tabulated in Table 1 . The global equilibrium iterative process required less than five iterations for NLD and four iterations for MRCT when using a convergence criterion of 1 × 10 −5 for the norm of the residual force. Both methods give second-order convergence at the start of localization and throughout the deformation process, except at the very end of the simulations. The shear band forms earlier in the NLD method than the MRCT method. As the shear band developed in both methods, the nonlinearity in their solutions increased significantly and the iterations and convergence becomes very difficult. The regularized plastic strain predictions are shown in Figs. 7-12 and in Table 2 for 1920 elements with different length scale parameters. We define the shear band as the region where ε p e > 10%. Both methods can reproduce the same width of the shear band, however, at different values of the length scale parameter. MRCT requires a somewhat smaller l to produce a shear band with the same width as for the NLD method. There is no simple relationship between length scale parameters and the damage properties used. A change in length scale will require a new calibration of damage parameter when fitting the model to a given case. This has also been shown in damage modelling of quasibrittle materials (Zreid and Kaliske, 2014) . The length scale parameters are also known to depend on strain rates, temperature, and failure mechanism (Abu Al-Rub and Voyiadjis, 2004). We also note that both methods require a fine mesh to correctly predict the localized deformation. The localized zone (i.e., the length scale) cannot be smaller than the element size in the NLD method. This is a fact for all nonlocal models. The MRCT method requires a fine mesh that must resolve the chosen length scale.
CONCLUDING REMARKS
A nonlocal damage approach is compared with a MRCT element with respect to their use in localization problems. Both methods have been shown in Abiri and Lindgren (2014) and Qin et al. (2015) to yield mesh-independent results. 
FIG. 9:
Plot of effective plastic with 1920 elements at end of simulation using MRCT, l = 1.50 mm.
FIG. 10:
Plot of effective plastic with 1920 elements at end of simulation using NLD, l c = 1.00 mm. 
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FIG. 12:
Plot of effective plastic with 1920 elements at end of simulation using NLD, l c = 2.00 mm. Thus both approaches can be used for localization problems. The MRCT method is very general and has been used in quite advanced studies of fracturing processes (Tian et al., 2010; Tang et al., 2013) . However, the comparison shows that the nonlocal damage model has several advantages for the current scope, use in manufacturing simulations, particularly in machining:
• It requires less computer time, as it has no additional nodal degrees of freedom as the MRCT element has. The analysis based on the MRCT element still requires about the same amount of elements, as the mesh must resolve the selected length scale. Its length scale cannot be made large enough to compensate for this.
• The MRCT theory has higher-order boundary conditions that complicate the modelling.
• Another, very important issue is that the explicit nonlocal update, i.e., use of q = 0 in Eq. (11), makes it simple to implement the NLD approach via user routines in commercial finite element packages. The effect of this simplification was evaluated in Abiri and Lindgren (2014) .
